
Quantum Morphisms
Lecture 8



Open problems
1) For what graphs G does it hold that

G# It ⇒ G→H for all graphs H ?
E.
g.
G-- Cn

.

What about G-- ka ? G-planar?

2) For what graphs H does it hold that

G# It ⇒ G→H for all graphs G ?
E.
g.
H bipartite . Conjecture : No others .

3) Is Xq (G) =3 & ✗(G) > K possible

for any K?

4) Can we find examples of G#It but GAH

where neither G nor H are complete ?

Also don't want something of the form
G # kn# It.

5) Is ✗qlG)=max{LyJ : G has a proj. pack. of valuey} ?



6) aptG) z sup { d-aqldG) : d EN}

7- Slap {d- ✗qlG[Id ] :D c- IN}

Are either of these equality?

7) Values of various quantum graph parameters
on various (families of) graphs?

E. g. ✗qlkn.ir/--n-2rt2-?kneser graphs
gf(Kph )=¥ ? Circular complete graphs

Kai

#¥_°



Last week

1) Defined IG
,
H) - isomorphism game .

• G=~H<⇒ 7 perfect classical strategy
• G=qH ÷ F perfect quantum strategy
• G=-fHL⇒F perfect non- signalling strategy

2) Defined quantum permutation matrix as

ftp.jk-Mn/Cdxd)s.t.Pij--P.j?=-P.j*.-Vi,jc- In ]
and §Pij=I=§ Pek Yi,kE[n] .

3) Proved G-=qH ⇒ I q-permmtxp-lpgnk.mn/Ed
"

)

satisfying P*lAo☒Id)P=AH☒Ia
⇐ (Aa Id )P=PlAµ☒Ia)
⇐ P.pl?jni--0ifrelkgig')t-rel(h.h ')

4) G±qH ⇒ Gt It cospectral



Very quick intro to C*-algebras

Hilbert space - Real or complex inner product

space that is a complete metric space with respect
to the metric induced by the inner product.

• try , ×> = ;

• Lax
.
+ Pxz , y) = ✗(✗, , y> +Phx, ,y);

• (xx>20 w/ equality only if ✗=D
.

• Induced norm : 11×11__<xxÑ
• Induced metric : dlx,-11=11×-411
• Complete : every Cauchy sequence converges to apoint

in the space

Example 1 : ¢h

Example Zlsequence spaces) : 5 a countable set
,

Ats ) :={ (✗lies : §
,
Ix:P converges}

( x
, y) = E.es Xiyi

Of particular interest : S=P a group



Bounded Linear Operators
H - Hibert space

BCH) = { L :D→HI L linear + bounded }
• L bounded : F y > 0 s.tv ✗EH

111×11<-211×11 .
<⇒ L continuous

.

• The infimum (minimum ) such y is the

operator norm of L
, 1141% .

cgmp
Lex Hilbert space

E- algebra of operators : 1- c-BIH) s.t.
• X

.
Yet

,
he ¢ ⇒ ✗✗ +Yet + ✗Yet

,

i.e. d- is an algebra over ¢ .

• ✗ c-A ⇒ ✗
*
c-A

,
where ✗* is the adjoint of ✗

( Xy. . 97--4.11*97 V-y.q.CH
• d- is closed in the operator norm :

Xn€t
,
✗c- BIH) & 11in -✗ II.p→0 ⇒ ✗c-A

Example : BIH ) itself.



(Abstract) (
*
-algebra :

An algebra 1- over ¢ equipped with a norm 11-11

and map
*
:1-→A satisfying :

• (✗* f- = ✗ ( * is an involution)
• ( ✗+g)

*
= ✗
* + y*

is a *- algebra
• (Xx)

*
= I ✗*

• ( ✗y/
*
=

y
*✗
*

• 11×411<-11×111411
•A is complete w/ respect to 11.11
• I/✗*✗11=11×112

Example : S a compact space , CIS) : -- { f:S→¢ If continuous}

is a commutative (
*
- algebra under pointwise multiplication .

Ti :d-→A
'

a linear map between *
-algebras -1+-1 !

it is a homomorphism if *(Xy) = tlxltly) .
Ti is a *-homomorphism if additionally al✗*)= -111×1?



GNS Theorem (Gelfand
,
Naimark

,
+ Segal)

Let t be an abstract E-algebra . Then there
exists a Hilbert space H & *- homomorphism

a :t→BHl) s.t. 11×1×111=11×11 Y ✗c--1
.

Moreover
,
if -1 is unital ( i. e. has a unit 11

then a can be chosen so that a- (1) = In .

The above conditions guarantee that * is

injective. Thus TY is a *- isomorphism between

1- and its image alt ) . Moreover the

conditions on a ensure that alt ) is

a E-algebra of operators .

Thus every labstract) (
*
- algebra is *- isomorphic

to a
E- algebra of operators .



states on c*_ algebras
A state on a unital E- algebra 1- is a linear

functional 5. 1-→¢ such that s(1) =/ and

s(✗*✗1>-0 Y ✗c-A-
.

Example : if 14> c- Cld is a unit vector
,
then

SIM) -- 441m14> is a state on ¢d✗d
.

441min14> = 11m14>112>-0

A state s is faithful if slim)=0 ⇒ ✗=D
.

A state s is 1-racial if slxy) = Styx) V- ×
,yet .

Example : trlm )=÷Tr(M)= 'T .&, Mii is a

faithful 1-racial state on ¢d✗d
.

trlM*M)=÷TrlM*M ) >0

GNS state Theorem : Let s :t→¢ be a state on

a unital (
*
- algebra . Then there is a Hilbert space

H
,
unit vector 14>c-H ,

and unital *-homomorphism

a :A→BlH) s.t.sk/)--L4lxlx1lY7V-xc-A
,
and

the subspace {*KIM> : ✗ c-A} is dense inH.



Quantum commuting strategies
tensor

Recoil: A quantumVstrategy for the (GH) - isomorphism

game consists of ( let V=V(G) VVCH))

1) unit vector 14> c- ¢d④¢d for some d.CN;
2) POVMS E×={E×yE¢d

"
:

y EV} Y ✗ EV for Alice;
3) POVMS F×={F*yE¢d

"
:

y EV} V- ✗ EV for Bob .

This produces the correlation

ply, -14×1×4=44 F-✗y☒F×y . 147.

A quantum commuting strategy for the (GH) - isomorphism

game consists of ( let V=V(G) VVCH))

1) unit vector 14> EH for some Hilbert spaceH;
2) POVMS E×={ F-✗YEBIH) : YEV} V- ✗ EV for Alice;

3) POVMS F×={F*y C-BIH) : YEV} V- ✗ EV for Bob .

4) satisfying Exyfxiyi-E.y.Exy-VX.y.MY ' EV.

This produces the correlation

ply, -14×1×4=44 F-xyfx.y.LY>.



G _=qH ÷ there is a perfect quantum commuting
strategy for the (GH)- isomorphism game .

From now on I will simply refer to this

as quantum isomorphism .

IY>, F-✗y, Kay. a perfect quantum tensor strategy
⇒ 147

, E×y☒I, I Fxy . a perfect quantum commuting strategy .
strategy.

finite infinite

Tensor q qs

Commuting q qc



Theorem ( Paulsen
,
Severini

,
StahlKe

,
Todorov

,
o Winter)

G=qcH if and only if there exists a unital E- algebra
1- with (faithful) 1-racial state it:t→¢ , and

projections F-ghc-AV-g.cl/lG),hc-VlH) satisfying :

1) §Egn=1 itGEVIG);
2) § Egn -- I V-h€V(H);

3) F-gnEgñ=O if rellg.gl/t-rellh,hY .

Theorem : G=qcH if and only if there exists a unital
E- algebra -1 with a (faithful) 1-racial state

,

and a quantum permutation matrix

F- (Bgn ) c-Malt) such that
the ¢
""

P c-Mnlt
AoP=PAµ IMP)ij=&MikPkj

i.e. ¥,Bjn=§~nPgn. YgeV(G), h c- WH)

Later : remove 1-racial state requirement.


